Abstract. We return to some past studies of hyperkloosterman sums ([9, 10]) via p-adic cohomology with an aim to improve earlier results. In particular, we work here with Dwork's θ∞-splitting function and a better choice of basis for cohomology. To a large extent,we are guided to this choice of basis by our recent work on the p-integrality of coefficients of A-hypergeometric series [3] . In the earlier work, congruence estimates were limited to p > n + 2. We are here able to remove all characteristic restrictions from earlier results.
1 , . . . , x ±1 n ]. Let {e i } n i=1 be the standard basis in Z n and let U = − n i=1 e i = (−1, −1, . . . , −1) ∈ Z n . Set ∆ ∞ (K n,λ ) equal to the convex closure in R n of {e i } n i=1 ∪ {U }. Then ∆ ∞ (K n,λ ) is an n-dimensional polyhedron with the origin as an interior point and having n + 1 facets {σ i } n i=0 , where σ i is the convex closure of {e j } j =i ∪ {U } for 1 ≤ i ≤ n and σ 0 is the convex closure of {e j } n j=1 . Let for u ∈ Z n . We may also utilize the relationship U + n j=1 e j = 0 to express an arbitrary u ∈ Z n uniquely in the form
ν j e j with all coefficients ν i non-negative integers and at least one coefficient equal to zero. In this representation w(u) = n j=0 ν j . It will simplify notation if we assume in the followingλ ∈ F * q ; in the casē λ ∈ F * q we simply extend coefficients to the fields F q (λ) and Ω 0 (λ) (defined below) and proceed in the same fashion. Fix ζ p a primitive p-th root of unity. Let Q q be the unramified extension of Q p of degree a = [F q : F p ] and let Z q be its ring of integers. Then Z q [ζ p ] = O 0 and Z p [ζ p ] = O 1 are the ring of integers of Ω 0 (:= Q q (ζ p )) and Ω 1 (:= Q p (ζ p )), respectively. Let λ be the Teichmüller lift in Ω 0 ofλ. We consider formal ("doubly-infinite") Laurent series with coefficients in O 0
where γ is an element of O 1 having ord γ = 1 p−1 and to be precisely specified below. We also define an O 0 -subalgebra C 0 of B 0 ,
We endow both B 0 and C 0 with a valuation via |ξ| = sup u∈Z n {|ξ(u)|}.
Our goal at first is to remove the characteristic restrictions in the result [10] on the precise Newton polygon for the eigenvalues of Frobenius for the hyperkloosterman sums, the only substantial change from the earlier work being a more convenient choice of basis for cohomology. Recall first the basic properties of the polyhedral weight function w : Z n → Z ≥0 .
w(u) = 0 ⇐⇒ u = 0 (3) w(cu) = cw(u), ∀c ∈ Z ≥0 , u ∈ Z n , (4) w(u + v) ≤ w(u) + w(v) (5) with equality holding in the last property if and only if u and v belong to the same closed sectorial cone in R n . Let AH(t) denote the Artin-Hasse series AH(t) = exp ∞ j=0 t p j p j .
We now fix γ to be a zero of ∞ j=0 t p j p j having ord(γ) = 1/(p − 1), and let
As is well-known, b j = γ j j! for 0 ≤ j ≤ p − 1, so that ord b j = j p−1 , for 0 ≤ j ≤ p − 1. In general ord b j ≥ j p−1 . Then θ ∞ (t) is a splitting function in Dwork's terminology [4] . Let
The coefficients B(u) = b m 1 b m 2 · · · b mn b ℓ λ ℓ with the sum running over all (m, ℓ) := (m 1 . . . , m n , ℓ) ∈ I(u) ⊆ Z n+1 ≥0 , where
In particular, (8) ord
Let ψ act on monomials by
We extend the action of ψ "linearly" to series in the monomials x u . Let σ be the Frobenius generator of Gal(Q q /Q p ) and let us extend σ to Gal(Ω 0 /Ω 1 ) by setting σ(ζ p ) = ζ p . Define a semi-linear (over Ω 0 ) operator α 1 by
Let α 0 = α a 1 . Then α 0 is a completely continuous operator, linear over Ω 0 , on the p-adic Banach space C 0 . As such, α 0 has a p-adically entire Fredholm determinant, det(I − T α 0 ). Let δ act on series via P (T ) δ = P (T ) P (qT ) . It follows from the Dwork trace formula that
Following Dwork, we construct below a complex of Banach O 0 -algebras,
, and obtain a trace formula here as well. It is useful first to obtain the following expression for F λ (x) in (6) above.
Set γ 0 = γ, and for i ≥ 1,
From this second description, we see that
. . , x ± n ] be the lifting of K n (λ, x) using the Teichmüller lift λ ofλ. We will at times abbreviate notation and write K(x) for K n (λ, x) when the context is clear. Since σ(λ) = λ p , we write
where σ acts on coefficients. Then
and formally
This motivates the following definition. We define
, and {D l } n l=1 is a commuting set of operators on C 0 satisfying pD
with boundary map
, ∇(D)) composed of completely continuous operators (respectively a chain map of semi-linear operators). The trace formula in this setting becomes
It is well-known that the maps H i (Frob • 0 ) are nuclear so that one has as well a cohomological trace formula
where each factor on the right is p-adically entire. The ring F q [x ± 1 , . . . , x ± n ] is endowed with an increasing filtration defined by weight:
n ] be the associated graded ring:
. Given ξ = u∈Z n ξ(u)γ w(u) x u ∈ C 0 , we define its reduction mod γ to be the Laurent polynomialξ = u∈Z n ξ(u)x u ∈S. The reduction map, Pr : C 0 → S is a ring homomorphism giving the isomorphism Pr : C 0 /γC 0 →S. Of course,S is also filtered by weight with
Note that multiplication inS satisfies , ∇(D)) in characteristic p will play a role in the present study. In either complex, the terms are given by
Note that the characteristic zero Laurent polynomial K σ i (x p i ) has weight less than or equal to p i for all i ≥ 0. For i ≥ 1,
so that the reduction of γx l
Similarly the reduction of the operatorD l is given by x l ∂ ∂x l +H l . The boundary operator ∇(H) is defined then by
with the analogous formula in the case of ∇(D).
. It is convenient to adopt the convention ǫ i = 0 for i > n. For any integer i and any u ∈ Z n with w(u) = i there are elements {ξ j (u)} n j=1 ∈S i−1 andā i (u) ∈ F q such that
Proof. The result is an immediate consequence of the nondegeneracy of K n,λ with respect to its Newton polyhedron ∆ ∞ (K n,λ ) and the fact that the operators {H j } n j=1 are homogeneous elements of weight 1 inS. This implies the vanishing of Koszul cohomology except in top degree n.
follows by a standard argument that the complex (Ω • S , ∇(D)) is also acyclic except in top degree n. More precisely,
) is an (n + 1)-dimensional filtered (by weight) F q -algebra with basis B as in the previous result. For every i ∈ Z ≥0 and every u ∈ Z n with w(u) = i, there is an elementη u ∈ Fil i (S) and elements {ξ j,u } n j=1 ∈ Fil i−1 (S) such that
) is a complex of complete, separated, flat O 0 -algebras, the following result is immediate from the behavior above of the reduced complex (Monsky [7] ). We will use the following notational convention throughout the subsequent material: for any u ∈ Z n , writeũ = γ w(u) x u . Using this notation, we have
Proof. It follows from the preceding result that for any i ∈ Z ≥0 and any u ∈ Z n with w(u) = i we may write
where {a k (u)} min{i,n} k=0
The theorem is then proven by a usual recursive argument.
Fix λ ∈ O 0 . For any u ∈ Z n , letũ = γ w(u) x u . Using {ũ} u∈Z n as an orthonormal basis for C 0 , let A(ṽ,ũ) denote the coefficient ofṽ in the expression for α 1 (ũ) expressed using this basis. Then
Proof. This is immediate from estimate (7) and inequality (5).
Consider now A(ǫ j ,ǫ i ).
In fact, in this latter case,
Proof. Any u = (u 1 , . . . , u n ) ∈ Z n may be uniquely represented
with {u (i) } n i=0 ⊆ Z ≥0 and at least one of these conical coordinates u (i) = 0. Let Supp(u) = {k | 0 ≤ k ≤ n and u (k) > 0} be the support of u, where the {u (k) } are the conical coordinates of u defined above. As noted earlier, w(u) = n i=0 u (i) . Of course, Supp(ǫ i ) = {1, 2, . . . , i}. By hypothesis, w(u) ≤ i. In the case w(u) < i or w(u) = i but u = ǫ i , we have that Supp(u) does not contain {1, 2, . . . , i}.
In the case 0 / ∈ Supp(u) we have m(u) = 0 and it is easy to see m(pu−ǫ i ) ≥ 1 since u j = 0 for some j ∈ {1, . . . , i}. It follows that
where the sum on the right runs over all (
Then each term on the right side of (9) satisfies
On the other hand, suppose now 0 ∈ Supp(u), so u (0) > 0. Clearly
where the inf runs over ℓ ≥ m(pu − ǫ i ) ≥ pm(u) + 1. So pm(u) − ℓ ≤ −1 and hence ord A(ũ,ǫ i ) > w(u) in these cases as well. We assume finally that u = ǫ i . Then
which establishes the assertion concerning ord A(ǫ i ,ǫ i ). Since γ p−1 ≡ −p (mod γ). The last assertion follows.
We consider now the action of Frobenius on cohomology. In particular, we will work with the normalized basisB for
be the coefficient ofǫ j when we express α 1 (ǫ i ) acting on cohomology in terms of the basisB for
, ∇(D)). Our main result here is that the estimates in Theorem 1.5 of Frobenius acting on the cochain level hold as well on cohomology.
Finally, for j < i, we have ordÃ(ǫ j ,ǫ i ) > j.
Our proof will require several lemmas. We note however that the main result of this section is an immediate consequence of this theorem. In particular, here is our main result: Theorem 1.7. Let the characteristic p be arbitrary. Fix an elementλ ∈ F * p , sayλ ∈ F * q . Let {ω i } n i=0 be the eigenvalues of H n (Frob
, ∇(D)). Then these eigenvalues are integers in Z p [ζ p ] and may be ordered so that
Proof. The argument in [10, Proposition 2.20] and its several corollaries may be used to prove Theorem 1.7 as a formal consequence of the approximate triangular form for the Frobenius matrix given in Theorem 1.6.
So we turn now to the proof of Theorem 1.6. Let u ∈ Z n . According to Theorem 1.3, we may writẽ
with a(ũ,ǫ k ) ∈ O 0 and ζ j (ũ) ∈ C 0 . Then
We will need the following lemma.
Proof. We reduce β modulo γ, obtainingβ in i k=0S
(k) = Fil iS . Then using Theorem 1.2 and lifting we obtain (since the reduction of D
with {a (1) (β,ǫ k )} i k=0 ⊆ O 0 and {ζ
. We may continue in the same way now with η (1) replacing β, and we obtain in the end
with {a(β,ǫ k )} i k=0 ⊆ O 0 and ζ l (β) ⊆ T (i−1) . We consider next the reduction modulo the submodule n l=1 D l C 0 of C 0 . Lemma 1.9. Let i be an arbitrary non-negative integer and let β ∈ T (i) . Then there exist {a j } i j=0 ⊆ O 0 , {ζ l } n l=1 ⊆ C 0 , and
Proof. We begin with
We rewrite the third sum on the right-hand side as
Clearly, H (1) (x p m ) has weight p m , so the inner sum on the right-hand side of (11) lies in T (p m +i−1) . Note that
For each m, m ≥ 1, if we put k = p m +i−1, then k ≥ i+1 and k−i = p m −1.
It now follows that expression (11) lies in
. This completes the argument.
The following lemma gives some of the interaction of the weight and p-adic filtrations.
We will sometimes abbreviate the notation writing a k = a(β,ǫ k ),ã k = a(β,ǫ k ), and ζ l = ζ l (β).
Proof. Keeping in mind our convention that ǫ k = 0 for k > n, consider for each non-negative integer N the assertion
The previous lemma begins the induction. So assume the assertion holds for N . We may also apply the preceding lemma to the term ω 
Multiplying (14) by p N +1 and substituting back into (13) gives us the assertion for N + 1 with
We may take limits as N → ∞, so that
It follows then that (12) in the statement of Lemma 1.10 holds.
Proof. Recall a(ũ,ǫ k ) is the coefficient ofǫ k whenũ = γ w(u) x u is expressed in terms of the basisB of
, the result is then immediate from Lemma 1.10.
We complete now the proof of Theorem 1.6.
Proof. We work from the series forÃ(ǫ j ,ǫ i ) in (10) above. We consider then each summand A(ũ,ǫ i )a(ũ,ǫ j ). We know by Theorem 1.4 that in general ord A(ũ,ǫ i ) ≥ w(u). So in the case w(u) ≥ j we have the desired estimate
If w(u) < j, then by Lemma 1.11 above
So together these prove the first sentence of Theorem 1.6. Assume now in addition that j < i. Let u ∈ Z n , u = ǫ i , with w(u) ≤ i. Then Theorem 1.5 gives the strict inequality ord A(ũ,ǫ i ) > w(u). But then in the case u = ǫ i , w(u) ≤ i, the inequalities in (15) and (16) are strict. If u = ǫ i , then by Theorem 1.5 ord A(ǫ i ,ǫ i ) = i > j, so the inequality in (15) is strict. Finally we consider the case of u ∈ Z n , w(u) > i. But then, using the hypothesis i > j, we see
so that the inequalities in (15) is again strict. This proves the last sentence of Theorem 1.6.
Note that if i = j, then (10) gives
We have ord A(ũ,ǫ j ) > w(u) for w(u) ≤ j, u = ǫ j , by Theorem 1.5, so inequality (16) is strict by Lemma 1.11. And if w(u) > j, then ordA(ũ,ǫ j ) ≥ w(u) > j by Theorem 1.4. Theorem 1.5 then implies the second sentence of Theorem 1.6, completing the proof of Theorem 1.6.
Dual Theory
There is some interest and mathematical value in developing the dual theory and deformation theory for the family of hyperkloosterman sums using the more complicated splitting function θ ∞ which has however better p-adic estimates. From a practical standpoint, one useful goal here is to prove the functional equation for hyperkloosterman sums without any characteristic restrictions. We view the following work as useful steps in this direction.
Our construction of a dual space for
, ∇(D)) follows closely the work of Serre [8] and Dwork [5] . A similar construction also appears in [2] and [3] . We consider the space
Then we may define a pairing
Since ξ(u) → 0 as u → ∞ and ξ * (u) ∈ O 0 , it follows that the product above converges in O 0 . Since both C 0 and C * 0 contain monomials, the pairing is nondegenerate in both arguments.
We consider next operators α * 0 and D * j acting on C * 0 adjoint to the operators α 0 and D j acting on C 0 defined in the previous section. Since
this pairing equals u j if u = v and 0 otherwise. On the other hand,
which equals −u j if u = v and 0 otherwise. It follows that
If Φ is the operator which, on monomials in the x-variables, acts as Φ(
Theorem 2.1. The maps α * 1 and α * 0 act on C * 0 and are adjoint (respectively) to the operators α 1 and α 0 acting on C 0 , so that in particular,
Proof. This is essentially [1, Proposition 4.1]. Formally
This shows the coefficient of γ −w(τ ) x −τ in the product above is defined and lies in O 0 and α * 0 acts on C * 0 . The rest of the assertion is straightforward.
Similarly, D * j = −E j + γH j acts on C * 0 and is adjoint to D j acting on C 0 . Recall the seriesθ
Define a seriesθ 1 (x) (orθ 1 (λ, x) if more precision is required) by the formulâ
It follows then thatθ
the sum on the right-hand side running over
so that for any λ ∈ O 0 we have
In a similar vein, the reciprocal serieŝ
As above, ordθ
, is an isomorphism of C * 0 . For p = 2,θ (1) (x) and its inverse both belong to C 0 so that multiplication byθ (1) 
We may write formallŷ
Since v + ω = u, we have w(u) ≤ w(v) + w(ω). It follows then that
This estimate shows that multiplication byθ 1 (x) is defined on C * 0 , and clearly since the inverse is multiplication byθ −1 1 (x) the map is an isomorphism. A similar argument shows the last assertion as well.
where
The next result follows immediately from the preceding theorem.
Lemma 2.3. The isomorphism ρ : C * 0 → C * 0 defined by ρ(ξ * (x)) =θ 1 (x)ξ * (x) restricts to an isomorphism of subspaces of C * 0 , ρ :
It seems worthwhile at this point to indicate how a trace formula also holds with a Frobenius map acting on the space K (1) . To this end define α
). An important part of this is to show that the dimension of K over Ω 0 is n + 1. By the preceding results, it suffices to show dim Ω 0 K (1) = n + 1. We work at first algebraically. We view
n ] with free basis {Λ m(u) x u } u∈Z n . Then L is filtered by weight and we letL be the associated graded. The operators
It follows in a manner altogether similar to Theorem 1.1 above thatL
where V is the Q[Λ]-span of the basis B(= {ǫ j } n j=0 ) inL. It follows then, just as in Theorem 1. 
is defined by
This pairing is non-degenerate in each coordinate and so defines an injective map L * →L, whereL is the Q[Λ]-dual of L and the map takes ξ * ∈ L * to Φ ξ * ∈L where Φ ξ * (ξ) = ξ, ξ * for each ξ ∈ L. In fact, it is an isomorphism: if φ ∈L, then the element ξ * = φ(u)Λ −m(u) x −u ∈ L * satisfies φ = Φ ξ * . The pairing above induces a pairing
It follows just as before that the pairing is non-degenerate in the second coordinate so that the map
is injective (whereŴ (1) denotes the Q[Λ]-dual of W (1) ). It is also onto since an arbitrary elementφ ∈Ŵ (1) which say takes ǫ i ∈ B to γ i ∈ Q[Λ] can be realized as the map φ ∈L taking ǫ i to γ i and taking n j=1 D j L to 0, using (17) above. But then we can define ξ * = φ(u)Λ −m(u) x −u ∈ L * as above with φ = Φ ξ * . Then φ ∈ K (1) , using the adjointness of the operators D j and D * j . Thus the map K (1) →Ŵ (1) above is an isomorphism of Q[Λ]-modules, and K (1) is a free Q[Λ]-module of rank n + 1.
If we replace x i by γx i for all 1 ≤ i ≤ n and Λ by γ n+1 λ then Λ −m(u) x −u becomes λ −m(u) γ −w(u) x −u and L * is mapped to C * 0 . In particular, if we define
, where δ ik = 1 if i = k and 0 otherwise. Then an easy but tedious inductive argument shows that the recursions induced on the coefficients {ǫ * k (u)} of each such ǫ * k with the given initial data determine every coefficient. The recursions furthermore imply thatǫ
is the dual basis in K (1) to B and K (1) has dimension n + 1 over Ω 0 . Finally this implies K is the dual space of H n (Ω • C 0 , ∇(D)). The following result summarizes the work above. 
Deformation Equation
In this section we calculate the deformation differential equation for the given family of hyperkloosterman sums and describe then the Frobenius action on local solutions of this equation. We first define Ω, a discretely valued extension of Ω 0 containing a p-adic unit, say λ, which is transcendental over the subfield Ω 0 . We extend coefficients to Ω in the following. Let λ 0 ,λ ξ * ∈ C * 0 for all ξ * ∈ C * 0 . We define
Similarly, we define D (1) (λ 0 , x) ). It follows then that
λ .
Since T
λ 0 ,λ has an obvious inverse (T (1)
, the map (18) above is an isomorphism. We see from the algebraic construction of the dual theory above that for any element λ ∈ O 0 , λ = 0, the elements of B * λ = {ǫ * i,λ } n i=0 have coefficients of each x u (u ∈ Z n ), which are meromorphic functions in λ with a possible pole at λ = 0 and otherwise analytic in the disk ord λ > − n+1 p−1 . As such we may apply λ ∂ ∂λ to any element of K or K (1) . In particular, since the operator D 
λ . Fix λ 0 a unit in O 0 . Let R 0 be the ring of functions in λ with
Then the coefficient of γ −w(u) x −u in ǫ * j,λ has the form λ m * (−u) ξ u where ξ u ∈ R 0 and m * (v) = min{0, −v 1 , ... − v n } for all v ∈ Z n . Let M 0 be the field of meromorphic functions in the open disk ord λ > − n+1 p−1 with a pole at most only at λ = 0. Then M 0 is contained in the field M λ 0 of germs of meromorphic functions at λ 0 . We extend then coefficients to M λ 0 and write
We view both K 
λ ⊗M λ 0 where the horizontal arrow on the top and bottom is in both cases the map T λ to K λ . Under ρ, the basisB * maps toB * , the elementǫ * 0 (= θ 1 (x)) under ∇(λ d dλ ) generates a basis of K λ , and the deformation equation with respect to this basisB * on K λ is also given by (20). We summarize the above discussion in the following result.
Theorem 3.1. Without any restriction on characteristic, the deformation equation calculated using the basisB * λ = {ǫ * λj } n j=0 for the dual space K λ is given by (19) above. For the functional equation, the references are [10, Section 1] and [6, Example 3] . The latter work improves the result in the former, requiring only that p and n + 1 are relatively prime. The present work does not improve on this, but does make it easier to see the action of Frobenius on the solutions at ∞ since Frobenius converges here in the bigger disk ord > − n+1 p−1 as we systematically use the splitting function θ ∞ (t) having a better radius of convergence.
